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Goal

The godal

» Understand the relation between two totally different
(in principle) kind of ensembles.

(c. pineda, 1. h. seligman) Static vs dynamically induced ensembles of density matrices 2/25



Goal

The godal

» Understand the relation between two totally different
(in principle) kind of ensembles.

One of this ensembles comes from purely statical
considerations, and the other from dynamical ones.

This is done at fixed “"decoherence”.

(c. pineda, 1. h. seligman) Static vs dynamically induced ensembles of density matrices 2/25



Goal

The godal

» Understand the relation between two totally different
(in principle) kind of ensembles.

One of this ensembles comes from purely statical
considerations, and the other from dynamical ones.

This is done aft fixed “decoherence”.
» Understand the reach of the particular results

explained here, when we study other quantities, not
only purity.
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The statical ensemble



The statical ensemble

Drawing a random state
Pure:

Let us draow a random state

V) € H

randomly. For that, we have a tool: the Haar measure

associated with the unitary group acting on H. This allows us to
choose it in a democratic way.
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The statical ensemble

Drawing a random state
Pure:
Let us draow a random state

V) € H

randomly. For that, we have a tool: the Haar measure
associated with the unitary group acting on H. This allows us to
choose it in a democratic way.

Mixed:
Now let us draw a random density matrix p > 0, frpl, i.e.

p € B(H)

How? The unitary group does not allow us to cover all density
matrices.

(c. pineda, 1. h. seligman) Static vs dynamically induced ensembles of density matrices 3/25



The statical ensemble

An idea to sample the set of density matrices!
Consider an extended Hilbert space

H = Heentral ® Henv

and chose randomly a state |¢) € ‘H. Then, take the partial trace:

p = trenv|v) (¥
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The statical ensemble

An idea to sample the set of density matrices!
Consider an extended Hilbert space

H = Heentral ® Henv

and chose randomly a state |¢) € ‘H. Then, take the partial trace:

p = trenv|®) (¢].

Good things:

» For dim Heny > dim Heentral. WE COver completely the space
of density matrices.

Bad things:

» The ensemble, however, depends on N = dim Heny.
» It has a “bad” limit: limy_. = d(p — T/N).

(c. pineda, 1. h. seligman) Static vs dynamically induced ensembles of density matrices 4725



The statical ensemble

The Wishart ensemble

Consider an n x m matrix X of random Gaussian entries. The
central object shall be the ensemble induced by

XtX.

This ensemble of positive matrices is the Wishart ensemble. If we
divide it by its trace, we have exactly the same ensemble as the
construction using random states and fracing out.

For the normalized Wishart ensemble, we know
The density of states

Recently a lot of extreme values

Its distribution of eigenvalues

Other interesting details

P(A) (Z A — 1) < TTA™ " T — M)

i<j

v

vwvyy
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The statical ensemble

A foliation of such set

We are going to study this ensemble at fixed purity

P(p) = trp*.

This leads to a distribution of eigenvalues

P(X) x & (Z A= 1) 5 (Z A2 — P) TTA™ " TI — M2

i i<j
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The statical ensemble

A first task

Understand in the general case, such picture

(orderd)
Pmﬂx Pmax

0.5

0.1}

0 (orderd)
0 01 02 03 04 05 Pmax

Distribution of 2 eigenvalues for the ensemble at P = 0.4.
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The statical ensemble

A change of variables

In order to study its properties, we study only the n — 2 free
“parameters” \q, ..., Aq_p, Qs the other two eigenvalues are fixed
by normalization and purity conditions.
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The statical ensemble

A change of variables

In order to study its properties, we study only the n — 2 free
“parameters” \q, ..., Aq_p, Qs the other two eigenvalues are fixed
by normalization and purity conditions.

Then, : ¥
—S1 =
>\n—1 ) >\n = T]

with

J=1/2(P—5) = (1—5)?

being proportional to the Jacobian of the “change of variables”
and s, = Y17k,
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The statical ensemble

The distribution, reloaded

The distribution can be written in the new variables as
P(N)AA x J(A, P) gM=1(A) V(A) dA

Where
» J(A, P) is the Jacobian of the fransformation,
» g(A) =T\ is “the peak”, and
> V(A) = [1;.;(A — Aj)? is a Vandermonde determinant.
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The statical ensemble

The peak

Here we will study the function g:

2 n—2
S+ (51) —251+1-P
Q(A):H)sz (1) 5 1 H)\i
i

i=1
has a maximum at Ay 5 ,_» = Ax. We approximate g with a
parabola, and, since (1 — x?)M ~ e~™* We obtain

_xlax

—n| . Alm—n o2 2 Omox
g, )M~ gt lexp M Om,p = alm—n)’

» There is a peak at Werner-like states.
» It is Gaussian with width oc 1/v/m.
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The statical ensemble

The nodes

Let us study the term V() = [];;(\; — )% The conditions for
[1i<;(Ai = ) = O franslate info

» simple hyperplanes for the case \j = \;, i,j <n—2,
» an ellipsoid &;(A;) = 0for A\; = Ap_y Or Ap,
» and the condition A\,_7 = A\, that leads to @, = 0.

The limiting condition \; =0, i < n— 2, leads to simple

hyperplanes, whereas \,_; = 0 results in the ellipsoid
> Q1 =(P-%)—(1-5)2=0.
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The statical ensemble

The n= 4 case
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AL A1

» We can clearly see the nodes, and the limiting regions
» We see a main peek,
» We observe a qualitative change form =4
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The dynamical ensemble

RMT: The idea

The dynamical ensemble will be based on
Random Matrix Theory.

Studly of particular systems Ensemble of matrices with

rondom entries

TOP
A

1 UP
U

A
OOO000

» An RMT study can predict generic properties
» It is based on unitary invariance and minimal information.
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The dynamical ensemble

RMT: why do we use it (because it works!)

20
n+ 'Sy
10
(a)
i i 1
0 | 2 3

Nuclear physics
(Bohigas et. al. RMP, 1972)

a
v) _’-—> eQy)wD
[w) —>.—> E(yXyD

b
) —».—» esE(y)wD

Quantum information
(Hastings, Nat. Phys. 5, 2009)
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Mesoscopic systems
(Huibers et. al. PRL, 1998)

Markets

(Seligman, among others, Scientific Reports 2012)
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The dynamical ensemble

The program

Initial state:
|1(0)) = |[RandomM)eny @ |1) central

Final state:

peentral (1) = trenv [ (D) (w(D)], (1) = e |e(0))

with H inspired in the classical ensembles, and f such that

Plpcentral()] = P‘rorgef'

How are the eigenvalues of peentrg distriouted?
How does this distribution compare to the “static” distribution?
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The dynamical ensemble

Cases

Four cases are studied:
» Global Hamiltonian
Coupling Hamiltonian
Spectator Hamiltonian
Common environment Hamiltonian

v

v

v
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The dynamical ensemble

Global Hamiltonian
The global Hamiltonian is simply

1 _ H(GUE)

env,central

» Simple, conceptually
» Analytically tractable

» Already some crude
approximation of coupling
with environment
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The dynamical ensemble

Global Hamiltonian
The global Hamiltonian is simply

_ 14(GUE)
H= Henv,cen’rrol
0l g o P=06
' 60F® --- A, m=8 09, v
» Simple, conceptually oV - mns Se 7N

» Analytically tractable

» Already some crude R
approximation of coupling g
with environment = w0

400
It is a good approximation. Almost

perfect, for large P

200

0.002 0.006 0.01
A1, A2
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The dynamical ensemble

Coupling Hamiltonian

This Hamiltonian, has the notion of a separate part of the Hilbert

space Heentral @ Henv:

H=HEE 4 ey(CE)

env,central

» More realistic, closer to the experiment
» Different regimes, from weak to strong coupling
» Reduces to the previous one for e — oo
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The dynamical ensemble

Coupling Hamiltonian (2)

160l ve=01,m=32 " e m =8

06:8.(1)1,m:832 ;----m:32’
me=0.1m= V¥

— — ® P =038
ac=001,m=8 o,y ]

400

200

0.002 0.006
A1

Marginal distribution of Ay for two Ps and two es. For small e, we
find deviations, but already for moderate and large ¢, the ansatz
is very good.
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The dynamical ensemble

Coupling a part of the system

What happens if only a part of the system is coupled?

» Spectator Hamiltonian

H=H5 + Ve

env,q,

simplest to study decoherence in 2 qubit systems. No
dynamics on the second qubit.

» Common environment Hamiltonian

GUE GUE GUE
H= Hénv ) + 6Vénv,qz + 6Ve(nv,qg-

Closer to an experimental realization.

Added player. entanglement.
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The dynamical ensemble

Initially low entangled state

For an initially weakly entangled states, we have in the spectator
model:

p12(1) = p1(H) @ |[¥)2(¥]2
(no freedom) and in the common environment case
p12(1) = pr(t) @ po(1).

(one degree of freedom).
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The dynamical ensemble

Initially low entangled state

For an initially weakly entangled states, we have in the spectator
model:

p12(1) = p1(1) @ [P)2 (Yl

(no freedom) and in the common environment case

p12(1) = pr(t) @ po(1).

(one degree of freedom).

What about initially entangled states?
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The dynamical ensemble

Behavior of entangled states (distribution of A 2)
0=02 0=m/8 0=mr/4

0.04

109e109ds

‘AU OO

0 0.01 0.02 0 0.01 0.02 0 0.01 0.02

» P=0.8, m=28,|y(0)) =sing|00) + cosh|11)
» Spectator origin — ok
» Common axis — ok
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The dynamical ensemble

Summary of all comparisons

K(P,-)
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(c. pineda, 1. h. seligman)

6 7

Symbol Hamiltonian Pl e |6
A Global Hamiltonian 0.6
g Global Hamiltonian 0.8
@ Global Hamiltonian 0.95
v Coupling Hamiltonian 0.8 10.01
© Coupling Hamiltonian 0.810.1
* Coupling Hamiltonian 08| 1
+ Spectator Hamiltonian 0.8]0.1(0.2
X Spectator Hamiltonian 0.8]0.1|x/8
X Spectator Hamiltonian 0.8 (0.1 |m/4
#*  |Common environment Ham.| 0.8 | 0.1 | 0.2
0 Common environment Ham.| 0.8 | 0.1 |7/8
< |Common environment Ham.| 0.8 | 0.1 |7/4

23/25

Static vs dynamically induced ensembles of density matrices



Other convex functions



Other convex functions

Distribution at fixed von Neumann entropy

Pmax
0. i

0.1

0.
.0 0.1 0.2 0.3 0.4 0.5 0.6 0

A1

Nodes and probability distribution of eigenvalues for S = 1.5.
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Conclusions

Conclusions

» Vandermonde determinant crucial for the structure of the
static ensemble, though not for integrating at large
dimensions.

» Good agreement between the two ensembles proposed, if
the coupling is not so small.

» It is crucial fo have maximal entanglement to have good
agreement between the ensembles.

» Seems to be the same for other Rényi entropies, and maybe
also for other convex functions.
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