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Goal

The goal

I Understand the relation between two totally different
(in principle) kind of ensembles.

One of this ensembles comes from purely statical
considerations, and the other from dynamical ones.

This is done at fixed “decoherence”.

I Understand the reach of the particular results
explained here, when we study other quantities, not
only purity.
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The statical ensemble



The statical ensemble

Drawing a random state
Pure:
Let us draw a random state

|ψ〉 ∈ H

randomly. For that, we have a tool: the Haar measure
associated with the unitary group acting on H. This allows us to
choose it in a democratic way.

Mixed:
Now let us draw a random density matrix ρ ≥ 0, trρ1, i.e.

ρ ∈ B(H)

How? The unitary group does not allow us to cover all density
matrices.
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The statical ensemble

An idea to sample the set of density matrices!
Consider an extended Hilbert space

H = Hcentral ⊗Henv

and chose randomly a state |ψ〉 ∈ H. Then, take the partial trace:

ρ = trenv|ψ〉〈ψ|.

Good things:

I For dimHenv ≥ dimHcentral, we cover completely the space
of density matrices.

Bad things:

I The ensemble, however, depends on N = dimHenv.
I It has a “bad” limit: limN→∞ = δ(ρ− 11/N).
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The statical ensemble

The Wishart ensemble
Consider an n×m matrix X of random Gaussian entries. The
central object shall be the ensemble induced by

X †X .

This ensemble of positive matrices is the Wishart ensemble. If we
divide it by its trace, we have exactly the same ensemble as the
construction using random states and tracing out.

For the normalized Wishart ensemble, we know
I The density of states
I Recently a lot of extreme values
I Its distribution of eigenvalues
I Other interesting details

P(λ) ∝ δ

(∑
i

λi − 1

)
×
∏

i

λ
|m−n|
i

∏
i<j

(λi − λj)
2
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The statical ensemble

A foliation of such set

We are going to study this ensemble at fixed purity

P(ρ) = trρ2.

This leads to a distribution of eigenvalues

P(~λ) ∝ δ

(∑
i

λi − 1

)
δ

(∑
i

λ2
i − P

)∏
i

λ
|m−n|
i

∏
i<j

(λi − λj)
2.
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The statical ensemble

A first task
Understand in the general case, such picture

λ1

λ
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Distribution of 2 eigenvalues for the ensemble at P = 0.4.
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The statical ensemble

A change of variables

In order to study its properties, we study only the n− 2 free
“parameters” λ1, . . . , λn−2, as the other two eigenvalues are fixed
by normalization and purity conditions.

Then,

λn−1, λn =
1− s1 ± J

2
with

J =
√

2(P − s2)− (1− s1)2

being proportional to the Jacobian of the “change of variables”
and sk =

∑n−2
i=1 λ

k
i .
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The statical ensemble

The distribution, reloaded

The distribution can be written in the new variables as

P(~Λ)dΛ ∝ J(λ,P) g|m−n|(λ) V (λ) dλ

Where
I J(λ,P) is the Jacobian of the transformation,
I g(λ) =

∏
i λi is “the peak”, and

I V (λ) =
∏

i<j(λi − λj)
2 is a Vandermonde determinant.
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The statical ensemble

The peak

Here we will study the function g:

g(λ) =
∏

i

λi =
s2 + (s1)2 − 2s1 + 1− P

2

n−2∏
i=1

λi

has a maximum at λ1,2,...,n−2 = Λ±. We approximate g with a
parabola, and, since (1− x2)m ≈ e−mx2

We obtain

g(λi ,P)|m−n| ≈ g|m−n|
max exp

− λ̃T ·A·λ̃
σ2

m,P , σ2
m,P =

gmax

α(m− n)
.

I There is a peak at Werner-like states.
I It is Gaussian with width ∝ 1/

√
m.
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The statical ensemble

The nodes

Let us study the term V (λ) =
∏

i<j(λi − λj)
2. The conditions for∏

i<j(λi − λj) = 0 translate into
I simple hyperplanes for the case λi = λj , i, j ≤ n− 2,
I an ellipsoid Qj(λi) = 0 for λi = λn−1 or λn,
I and the condition λn−1 = λn that leads to Qn = 0.

The limiting condition λi = 0, i ≤ n− 2, leads to simple
hyperplanes, whereas λn−1 = 0 results in the ellipsoid

I Qn−1 = (P − s2)− (1− s1)2 = 0.
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The statical ensemble

The n = 4 case
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I We can clearly see the nodes, and the limiting regions
I We see a main peek,
I We observe a qualitative change for m = 4
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The dynamical ensemble

RMT: The idea
The dynamical ensemble will be based on
Random Matrix Theory.

Study of particular systems Ensemble of matrices with
random entries

I An RMT study can predict generic properties
I It is based on unitary invariance and minimal information.
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The dynamical ensemble

RMT: why do we use it (because it works!)

Nuclear physics
[Bohigas et. al. RMP, 1972]

Mesoscopic systems
[Huibers et. al. PRL, 1998]LETTERS NATURE PHYSICS DOI: 10.1038/NPHYS1224

conjecture; however, the counter-example found in ref. 9 requires
a matrix size that diverges as p→ 1. We use different system and
environment sizes (note that D� N in our construction below)
and make a different analysis of the probability of different output
entropies. Other violations are known for p close to 0 (ref. 11).

We define a pair of channels E and E , which are complex
conjugates of each other. Each channel acts by randomly choosing
a unitary from a small set of unitaries Ui (i = 1 ...D) and
applying that to ρ. This models a situation in which the unitary
evolution of the system is determined by an unknown state of the
environment. We define

E(ρ)=
D∑
i=1

PiU
†
i ρUi

E(ρ)=
D∑
i=1

PiU
†
iρU i

where the Ui are N -by-N unitary matrices, chosen at random
from the Haar measure, and the probabilities Pi are chosen
randomly as described in Supplementary Information. The Pi are
all roughly equal. We pick

1�D�N

In Supplementary Informationwe prove the following theorem:
For sufficiently large D and for sufficiently large N , there is a

non-zero probability that a random choice of Ui from the Haar
measure and of Pi (as described in Supplementary Information) will
give a channel E such that

Hmin(E⊗E) < Hmin(E)+Hmin(E)

= 2Hmin(E)
The size of N depends on D.

For any pure-state input, the output entropy of E is at most
ln(D) and that of E ⊗ E is at most 2ln(D). To prove the above
theorem, we first construct an entangled state with a lower output
entropy for the channel E ⊗ E . The entangled state we use is the
maximally entangled state

|9ME〉= (1/
√
N )

N∑
α=1

|α〉⊗|α〉

As shown in Lemma 1 in Supplementary Information, the output
entropy for this state is bounded by

H
(
E⊗E(|9ME〉〈9ME |)

)
≤ 2ln(D)− ln(D)/D (1)

We then use the random properties of the channel to show that
no product state input can obtain such a low output entropy.
Lemmas 2–5 in Supplementary Information show that, with non-
zero probability, the entropyHmin(E) is at least ln(D)−δSmax, for

δSmax
= c1/D+p1(D)O(

√
ln(N )/N )

where c1 is a constant and p1(D)= poly(D). Thus, because for large
enough D and for large enough N we have 2δSmax < ln(D)/D,
the theorem follows.

The output entropy can be understood differently: for a given
pure-state input, can we determine from the output which of the
unitariesU †

i was applied? Recall that

U †
⊗U

†
|9ME〉= |9ME〉 (2)

|  〉ψ

|  〉ψ

|  〉ψ (|   〉     )ψε 〈   |ψ

(|   〉     )ψε 〈   |ψ¬

(|   〉     )ψε 〈   |ψ⊗ε¬

a

b

ε

ε¬

ε
¬
⊗

ε

Figure 2 |Minimum output entropy of a quantum channel. a, A pure state
|ψ〉 is input to the channel E . Although |ψ〉 is a pure state, the output may
be a mixed state. We attempt to minimize the output entropy over all pure
input states. b, An entangled input state |ψ〉 is input to the channel E⊗E .
The question addressed is whether this entangled input state can have a
lower output entropy for channel E⊗E than the sum of the minimum
output entropies for the two channels.

for any unitary U . This means that, for the maximally entangled
state, if a unitary U †

i was applied to one subsystem, and U
†
i

was applied to the other subsystem, we cannot determine which
unitary i was applied by looking at the output. This is the key
idea behind equation (1).

Note that the minimum output entropy of E must be less than
ln(D) by an amount at least of order 1/D. Suppose U1 and U2 are
the two unitaries with the largest li. Choose a state |ψ〉 that is an
eigenvector of U1U

†
2 . For this state, we cannot distinguish between

the statesU †
1 |ψ〉 andU2|ψ〉, and so

Hmin(E)≤ ln(D)− (2/D)ln(2)

Our randomized analysis bounds how much further the output
entropy of the channel E can be lowered for a randomchoice ofUi.

Our work raises the question of how strong a violation of
additivity is possible. The relative violation we have found is
numerically small, but itmay be possible to increase this, and to find
new situations in which entangled inputs can be used to increase
channel capacity, or novel situations in which entanglement can
be used to protect against decoherence in practical devices. The
map E is similar to that used12 to construct random quantum
expanders13,14, raising the possibility that deterministic expander
constructions can provide stronger violations of additivity.

Although we have used two different channels, it is also possible
to find a single channel E such that Hmin(E ⊗ E)< 2Hmin(E), by
choosing Ui from the orthogonal group. Alternatively, we can add
an extra classical input used to ‘switch’ between E and E (P.Hayden,
private communication).

The equivalence of the different additivity conjectures4 means
that the violation of any one of the conjectures has profound
impacts. The violation of additivity of the Holevo capacity means
that the problem of channel capacity remains open, because if a
channel is usedmany times, wemust do an intractable optimization
over all entangled inputs to find the maximum capacity. However,
we conjecture that additivity holds for all channels of the form

E =F⊗F

Our intuition for this conjecture is that we believe that multi-party
entanglement (between the inputs to three or more channels) is not
useful, because it is very unlikely for all channels to apply the same
unitary; note that the state9ME has a lowminimum output entropy
precisely because it is left unchanged as in equation (2) if both
channels apply corresponding unitaries. This two-letter additivity
conjecture would enable us to restrict our attention to considering

256 NATURE PHYSICS | VOL 5 | APRIL 2009 | www.nature.com/naturephysics

© 2009 Macmillan Publishers Limited.  All rights reserved. 

 

Quantum information
[Hastings, Nat. Phys. 5, 2009]

Markets
[Seligman, among others, Scientific Reports 2012]
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The dynamical ensemble

The program

Initial state:
|ψ(0)〉 = |Random〉env ⊗ |ψ〉central

Final state:

ρcentral(t) = trenv|ψ(t)〉〈ψ(t)|, |ψ(t)〉 = e−iHt |ψ(0)〉

with H inspired in the classical ensembles, and t such that

P[ρcentral(t)] = Ptarget.

How are the eigenvalues of ρcentral distributed?
How does this distribution compare to the “static” distribution?

(c. pineda, t. h. seligman) Static vs dynamically induced ensembles of density matrices 15 / 25



The dynamical ensemble

Cases

Four cases are studied:
I Global Hamiltonian
I Coupling Hamiltonian
I Spectator Hamiltonian
I Common environment Hamiltonian
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The dynamical ensemble

Global Hamiltonian
The global Hamiltonian is simply

H = H(GUE)
env,central

I Simple, conceptually
I Analytically tractable
I Already some crude

approximation of coupling
with environment

It is a good approximation. Almost
perfect, for large P
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The dynamical ensemble

Coupling Hamiltonian

This Hamiltonian, has the notion of a separate part of the Hilbert
space Hcentral ⊗Henv:

H = H(GUE)
env + εV (GUE)

env,central

I More realistic, closer to the experiment
I Different regimes, from weak to strong coupling
I Reduces to the previous one for ε→∞
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The dynamical ensemble

Coupling Hamiltonian (2)
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Marginal distribution of λ1 for two Ps and two εs. For small ε, we
find deviations, but already for moderate and large ε, the ansatz
is very good.
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The dynamical ensemble

Coupling a part of the system
What happens if only a part of the system is coupled?

I Spectator Hamiltonian

H = H(GUE)
env + εV (GUE)

env,q1

simplest to study decoherence in 2 qubit systems. No
dynamics on the second qubit.

I Common environment Hamiltonian

H = H(GUE)
env + εV (GUE)

env,q1
+ εV (GUE)

env,q2
.

Closer to an experimental realization.

Added player: entanglement.
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The dynamical ensemble

Initially low entangled state

For an initially weakly entangled states, we have in the spectator
model:

ρ1,2(t) = ρ1(t)⊗ |ψ〉2〈ψ|2
(no freedom) and in the common environment case

ρ1,2(t) ≈ ρ1(t)⊗ ρ2(t).

(one degree of freedom).

What about initially entangled states?
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The dynamical ensemble

Behavior of entangled states [distribution of λ1,2]
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I P = 0.8, m = 8, |ψ(0)〉 = sin θ|00〉+ cos θ|11〉
I Spectator origin→ ok
I Common axis→ ok
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The dynamical ensemble

Summary of all comparisons

3 4 5 6 7
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log2m

K
(P
,·
)

Symbol Hamiltonian P ε θ

Global Hamiltonian 0.6

Global Hamiltonian 0.8

Global Hamiltonian 0.95

Coupling Hamiltonian 0.8 0.01

Coupling Hamiltonian 0.8 0.1

Coupling Hamiltonian 0.8 1

Spectator Hamiltonian 0.8 0.1 0.2

Spectator Hamiltonian 0.8 0.1 π/8

Spectator Hamiltonian 0.8 0.1 π/4

Common environment Ham. 0.8 0.1 0.2

Common environment Ham. 0.8 0.1 π/8

Common environment Ham. 0.8 0.1 π/4
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Other convex functions



Other convex functions

Distribution at fixed von Neumann entropy

λ1

λ
2

Pmax

0

Nodes and probability distribution of eigenvalues for S = 1.5.
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Conclusions

Conclusions

I Vandermonde determinant crucial for the structure of the
static ensemble, though not for integrating at large
dimensions.

I Good agreement between the two ensembles proposed, if
the coupling is not so small.

I It is crucial to have maximal entanglement to have good
agreement between the ensembles.

I Seems to be the same for other Rényi entropies, and maybe
also for other convex functions.
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