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Example: 1d Quantum Ising Chain 

Ising chain Hamiltonian 
 
 
Critical point 
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Example: 1d Quantum Ising Chain 

Ising chain Hamiltonian 
 
 
Critical point 
 
 
 
 
 
Excitations:  
 
 
 
 
 

Ways out of the Kibble-
Zurek mechanism? 
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Counterdiabatic driving: Ising Chain 

Counterdiabatic driving? 
 
 
 
 
Auxiliary control 
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Counterdiabatic driving: Ising Chain 

Counterdiabatic driving? 
 
 
 
 
Auxiliary control 
 
 
 
Diagonalization: Jordan Wigner transformation + Fourier transform 
 
 
 
 
                                      
 
 
 
 A. del Campo, M. M. Rams, W. H. Zurek, PRL 109, 115703 (2012) 
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Truncated Auxiliary Hamiltonian 

Quench through the critical point 
 
Truncated Auxiliary Hamiltonian 
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Tailoring control fields 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

H. Saberi, T. Opatrný, K. Mølmer, AdC, Phys. Rev. A 90, 060301(R) (2014) 

Adolfo del Campo 



Tailoring auxiliary interactions 
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Set of available controls 
 
 
Approximated Auxiliary Hamiltonian 
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Suppressing KZM/excitations 

 
H. Saberi, T. Opatrný, K. Mølmer, AdC, Phys. Rev. A 90, 060301(R) (2014) 
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Approximated Auxiliary Hamiltonian 
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Figure 3. (Color online) (a) Time-evolution of the state preparation infidelity during a shortcut to the adiabatic driving of the
ground state of a quantum Ising chain. The fidelity can be improved significantly by incorporating higher-body interactions at
a truncated range of R̃ = R

max

� 4. (b) Real-time flow of the interaction amplitudes associated with the implementation of
the full-range two-body ansatz as in Eq. (10) during passage through QCP of the model denoted by sc. The color maps in the
insets visualize the strength of two-body interactions hy,z

i
1

,i
2

among all pairs of spins at sites (i
1

, i
2

) in the chain.

of the magnetic field which enforces H
aux

to vanish at
the beginning and end of the driving scheme, t = 0, ⌧ .
We are thus led to the boundary conditions B(0) = B

0

,
B(⌧) = B

f

and Ḃ(0) = 0, Ḃ(⌧) = 0 which are satis-
fied by a polynomial quench of the form B(s) = B

0

+
3(B

f

� B
0

)s2 � 2(B
f

� B
0

)s3 with s ⌘ t/⌧ . The use of
the latter quench is further motivated by adiabatic per-
turbation theory [42]. Figure 3 illustrates the results for
preparation of the ground state of the transverse Ising
chain in Eq. (2) under such a quench and for various
choices of H̃[K,R]

aux

. We use the fidelity in Eq. (9) to as-
sess the quality of the preparation procedure. With a
full-range two-body interaction, the protocol leaves some
room for improvement, as shown in Fig. 3(a), indicating
the urge to employ higher-body terms for longer chain
lengths. However, for higher-body interactions beyond
K = 2 the computational complexity associated with
the large number of spins permutations and thereby the
dimensions of the matrices to be formed and inverted
renders the numerical implementation of the variational
procedure intractable. To circumvent such a practical
challenge, we suggest to truncate over the range of the
K-body ansatz by restricting it to manageable values of
R̃ ⌧ R

max

. The latter truncation strategy is further
motivated by the nearly tridiagonal structure of hy,z

i
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,i

2

evident in the inset of Fig. 3(b) which shows remarkably
that the dominant contributions to H̃[2

(yz)
,R

max

]

aux

consist
of only short-range interactions. Figure 3(a) illustrates
the success of the truncation strategy by demonstrating
significant improvement in fidelity upon employing short-
range three-body interactions. We point out the number
of distinct K-body interactions as the required experi-
mental resources to achieve the maximal-fidelity state

preparation within our scheme scales with 1

2

4

K
N !

(N�K)!

which
is a polynomial in the size of the system N of the leading
order O(NK). The scaling derives from a simple com-
binatorics corresponding to the total number of possible
choices of a K-tuple of spins from N ones in which inter-
nal permutation of tuples produces distinct choices due to
noncommutativity of the Kronecker product. The pref-
actors 1

2

and 4K, moreover, account for the mirror sym-
metry of the finite open chain under consideration and
the multiplicity associated with various spin components
of a Pauli sigma operator, i.e., {0, x, y, z}, respectively.

Conclusions. We have shown how to engineer an ex-
perimentally realizable counterdiabatic control Hamilto-
nian for the fast driving of many-body spin systems that
mimic adiabatic driving. Our approach combines ED
with a variational principle to determine the optimal CD
scheme with a restricted set of control fields and leads
to a suppression of the DoE by several orders of magni-
tude with respect to the uncontrolled driving dynamics.
Although the identification of H

aux

is a computation-
ally hard problem that poses a challenge to scalability
of the method, tests on finite systems are still relevant
to currently feasible experiments and the variational ap-
proximations to the CD Hamiltonians for these cases may
guide future approaches towards large particle numbers.
In congruence with recent results in optimal control the-
ory [43–46], our results suggest that the practical im-
plementation of our scheme represents an effort scaling
only polynomially with the system size. Our proposal is
ideally suited for digital quantum simulation as well as
tailoring the nonequilibrium thermodynamics of many-
body systems [47]. It further supplements previous adia-
batic tracking schemes aimed at accessing highly excited
states [48]. The possibility to reduce the level of non-

Ising 
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Ultimate Quantum Speed Limits 

Courtesy of Guy Chenu  



Speed limits for Isolated systems 

 
How fast can we go? 
 
Not faster than the Quantum Speed Limit 
 
 
 
 
Minimum time required for a quantum state to evolve to an orthogonal state 
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Beautiful history  
Passage time: Minimum time required for a state to reach an orthogonal state 

 

Landau 

Krylov 

1945 Mandelstam and Tamm “MT” 

1967 Fleming 

1990 Anandan, Aharonov 

1992 Vaidman, Ulhman 

1993 Uffnik 

1998 Margolus & Levitin “ML” 

2000 Lloyd 

2003 Giovannetti, Lloyd, Maccone: MT & ML unified  

2003 Bender: no bounds in PT-symmetric QM 

2009 Levitin,Toffoli   

2013  2013 Bound for open (as well as unitary) system dynamics! 

 

 

 

 

 

 

 

 

 

 

 

Time-energy uncertainty relation 
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AdC, I.L. Egusquiza, M. B. Plenio, S. Huelga PRL 110, 050403 (2013) 
  



Two seminal results 

 
Mandelstam-Tamm (1945) 
 
 

Heisenberg EOM    +    definition of time    =    TEUR  
 
 
 
 
Margolus-Levitin (1998) 
 
 

Survival amplitude, vanishing real and imaginary parts 
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⌧(A)�H � ~
2

| (t)i =
X

n

cne
�iEnt/~|ni a(t) := h (0)| (t)i Re(a) � 1� 2E

⇡~ t+ Im(a)

⌧ � ~⇡
2E



 
Isolated systems: unitary dynamics 

 

 

 

Real systems: coupled to an environment 

 

Nonunitary dynamics (master equation) 

 

What replaces energy in an open system? 

 

Bound to the speed of evolution for open (as well as unitary) system dynamics 

 

 

         includes coupling to an environment  

 

 

 

 

 

 

 

 

 

Speed limits for arbitrary systems 
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AdC et al. PRL 110, 050403 (2013) 
 Taddei et al. PRL 110, 050402 (2013) 

See too Deffner et Lutz, PRL 111, 010402 (2013)    
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Applications of Quantum Speed Limits 

Courtesy of Guy Chenu  

² Arbitrary physical processes 
² Foundations of Physics 
² Computation 
² Thermodynamics 
² Optimal control 
² Metrology 
² … 
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QSL to the generation of Quantumness 

Coherence monotone 
 
 
 
Arbitrary physical process 
 
 
 
Quantum Speed Limit 
 
 
 
Different in nature from MT & ML bounds 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jing, Wu, AdC, arXiv:1510.01106  
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Applications 
Quantum Speed Limits  

in finite-time thermodynamics 
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Quantum Heat Engines (e.g. Otto Cycle) 
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Efficiency vs Power 
Quantum efficiency 

Nonadiabatic Efficiency e.g.  of a single-particle Otto cycle 
 
 
 
 
 

      Essence of finite-time thermodynamics: 
 

     Trade-off between efficiency and power 
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Shortcuts as a way out of the tragedy 

Shortcuts to adiabaticity 

For a complementary approach:  
D. Gelbwaser-Klimovsky, R. Alicki, G. Kurizki, Phys. Rev. E 87, 012140 (2013) 
For  related approach: 
 

•  AdC, J. Goold, M. Paternostro, Sci. Rep. 4, 6208 (2014) (single-particle) 

•  M. Beau, J. Jaramillo, AdC, Entropy 18, 168 (2016) (many-particle) 
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Quantum Heat Engines (e.g. Otto Cycle) 
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STA to 
expansion and 

compression 



Superadiabatic quantum engine 

STA in steps 1 & 2 
Thermalization time << adiabats 
 
Thermodynamic cycle at finite power and zero friction 
i.e., maximum efficiency 
 
 
Thermal state at t=0 in stroke 1) 
 
 
 
 
 
 

3

which can be recast as DSirr = S(rt ||req
t ) [22] with

S(rA||rB) = Tr(rAlnrA � rAlnrB) the relative entropy be-
tween two density matrices rA and rB [23], rt the time-
evolving state, and req

t = e�bĤ (t)/Tr[e�bĤ (t)] the corre-
sponding equilibrium reference state at the initial temperature
1/b . Here, hWirri quantifies the degree of friction caused by
the finite-time protocol on the expansion or compression stage
of the engine cycle at hand. When a bath is reconnected this
friction is manifested by dissipation into the bath and hence
the decrease in the overall efficiency of the motor. For sim-
plicity and for the point of demonstration we allow only this
form of irreversibility in our engine cycle although in princi-
ple the same analysis can be done for fluctuating heat flows
[24, 25].

III. FRICTION-FREE FINITE-TIME ENGINE

Recently there has been a significant amount of work de-
voted to the design of so-called super-adiabatic protocols, i.e.
shortcuts to states which are usually reached by slow adia-
batic processes [6, 7, 9]. A typical approach for shortcuts
to adiabaticity is to use ad hoc dynamical invariants to engi-
neer a Hamiltonian model that connects a specific eigenstate
of a model from an initial to a final configuration determined
by a dynamical process. Here we will rely on an approach
based on engineered non-adiabatic dynamics achieved using
self-similar transformations [8, 26].

Let us consider a quantum harmonic oscillator with time-
dependent frequency w(t) as the working medium of the en-
gine cycle [8]. The Hamiltonian model that we consider is
thus Ĥ (t) = Ĥ [w(t)] = p̂2/(2m) + mw2(t)x̂2/2, where x̂
and p̂ are the position and momentum operators of an oscil-
lator of mass m. Inspired by the scheme put forward in [19],
we will use the tunable harmonic frequency to implement the
compression and expansion steps of the Otto cycle. In line
with the experimental proposal for the realisation of a mi-
croscopic Otto motor put forward in [19], the frequency of
the harmonic trap embodies the volume of the chamber into
which the working medium is placed, while the correspond-
ing pressure is defined in terms of the change of energy per
unit frequency.

Needless to say, in the compression or expansion stage of
the Otto cycle, the frequency of the trap will have to be varied,
so that w(t) takes here the role of the work parameter l (t) in-
troduced when discussing FTs. We now suppose to subject the
working medium to a change in the work parameter occurring
in a time t and corresponding to, say, one of the friction-prone
steps of the Otto cycle. Our goal is to design an appropriate
shortcut to adiabaticity to arrange for a fast, frictionless evo-
lution between the equilibrium configuration of the working
medium at t = 0 and that at t = t . In order to do this, we re-
mind that the wavefunction fn(x, t = 0) = hx|n(0)i of an initial
eigenstate |n(0)i of Ĥ (0) is known to follow the self-similar
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FIG. 2: Work fluctuations along a shortcuts to an adiabaticity ex-
pansion. (a) Average work; (b) Standard deviation of the work; (c)
Nonequilibrium deviations from the adiabatic average mean work;
(d) We show S(rt ||req

t )/b (•) and S(rad
t ||req

t )/b (⇧) [cf. Eq. (9)]
for the same processes shown in the other panels. All quantities are
plotted in units of h̄w0 (b = 1).

evolution [8]

fn(x, t)=
1p
b(t)

exp
✓

i
mḃ(t)x2

2h̄b(t)
� i

en(0)h(t)
h̄

◆
hx/b(t)|n(0)i,

(6)
where h(t) =

R t
0 dt 0/b2(t 0), en(0) is the energy of the eigen-

state being considered at t = 0, and the scaling factor b is the
solution of the Ermakov equation

b̈(t)+w2(t)b2(t) = w2
0/b3, (7)

with the initial conditions b(0) = 1 and ḃ(0) = 0. The short-
cut to adiabaticity that we seek is then found by inverting
the Ermakov equation and complementing the previous set
of boundary conditions with ḃ(0) = b̈(0) = ḃ(t) = b̈(t) = 0,
and b(t) =

p
w0/w f with w0 = w(0) and w f = w(t). In-

stances of solutions to this problem can be found as illustrated
in the Appendix, where we give the explicit form of the scal-
ing factor b(t) such that the finite-time dynamics that takes
the initial state fn(x, t = 0) = hx|n(0)i to the final one fn(x, t =
t) = hx|n(t)i= hx/b(t)|n(t = 0)i/

p
b(t) actually mimics the

wanted adiabatic evolution (albeit for any t 2 (0,t), fn(x, t) is
in general different from the eigenstate |n(t)i of Ĥ (t)). The
choice of a harmonic oscillator is not a unique example as
similar self-similar dynamics can be induced in a large fam-
ily of many-body systems [26] and other trapping potentials,
such as a quantum piston [27].

Let us consider the fluctuations induced in the expansion
and compression stages of the Otto cycle when the above
shortcut to adiabaticity is implemented. Let us consider a
driving Hamiltonian with instantaneous eigenstates |n(t)i and
eigenvalues en(t). In the adiabatic limit, the corresponding
transition probabilities pt

nk tend to |hn(t)|k(t)i|2 = dk,n(t) for
all t 2 [0,t]. The average work simplifies then to hWad(t)i =
Ân[en(t)� en(0)]pn =

h̄[w(t)�w0]
2 coth b h̄w0

2 . On the other hand,

�W = hW i � hWadi =
1

�t
S(⇢t||⇢adt ), �t = �0✏n(0)/✏n(t)

E
max

= 1� !(⌧)

!(0)
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Energy Cost of Shortcuts to Adiabaticity 

4

in a shortcut to adiabaticity, only the weaker condition pt
nk =

|hfn(t)|k(t)i|2 ! dk,n(t ! 0,t) holds. For the time-dependent
harmonic oscillator, it follows that

hW i= h̄
2


ḃ2(t)+w2(t)b2(t)+w2

0/b2(t)
2w0

�w0

�
coth

b h̄w0

2
.(8)

In the adiabatic limit ḃ(t) ! 0 and b(t) ! bad(t) =
[w2

0/w2(t)]1/4.
Figure 2(a) shows that the average work hW i along a short-

cut to an adiabatic expansion in comparison with in the cor-
responding adiabatic processes hWad(t)i (the behaviour ob-
served during a shortcut to a compression is mirrored in time).
It is very important to stress that hW i is the work done on ei-
ther adiabat until the reconnection with the bath, i.e. just prior
to the isochoric heating or cooling stage. The standard devi-
ation of the work distribution DW = [hW 2i� hW i2]1/2 is dis-
played in Fig. 2(b). In turn, this provides a further characteri-
sation of the work fluctuations along the shortcut through the
width of P(W ; t). It is interesting to notice that upon comple-
tion of the stroke, the non-equilibrium deviation of both the
average work and the standard deviation from the adiabatic
trajectory disappear.

We shall now analyse the non-equilibrium deviation dW =
hW i � hWad(t)i with respect to the adiabatic work hWad(t)i.
Note that this expression is equivalent to the deviation of the
mean energy of the motor along the super-adiabats from its
(instantaneous) adiabatic expression. For an isothermal re-
versible process hWadi= DF and dW = hWirri. Differently, for
the adiabatic dynamics associated to stages 1 and 3 of the Otto
cycle, conservation of the population in |n(t)i is satisfied pro-
vided that bt = b0en(0)/en(t), as it is the case for a large-class
of self-similar processes (here, bt is introduced by noticing
that the physical adiabatic state at time t is characterised by the
occupation probabilities pt

n = e�bt et
n/Ân e�bt et

n ) [8, 26, 27].
As a result, the reference state req

t is not the physical instanta-
neous equilibrium state rad

t =Ân p0
n|n(t)ihn(t)| resulting from

the adiabatic dynamics, and we find

dW =
1
b
[S(rt ||req

t )�S(rad
t ||req

t )]. (9)

From this result, it is clear that, in general, dW 6= 0. However,
it is straightforward to check that, at the final time of the pro-
cess t = t , we have pt

nk = dk,n, which implies dW = 0 and,
in turn, the frictionless nature of the process [cf. Fig. 2(c)].
The time-evolution of the different contribution to dW , i.e.
S(rt ||req

t )/b and S(rad
t ||req

t )/b , are displayed in Figure 2(d).
This result is remarkable in the context of the quantum Otto
cycle: If the baths are reconnected at just the right time t
after both the compression and expansion stages, then the ef-
ficiency of an ideal reversible engine can be reached in finite-
time, therefore implementing a perfectly frictionless finite-
time cycle. As we have built our engine so that friction is
the only source of irreversibility, the super-adiabatic engine
clearly reaches the maximum efficiency of an ideal quasi-
static engine in a finite-time only.

Let us address a final important point. The efficiency in
Eq. (1) of an Otto cycle diminishes explicitly with the break-
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FIG. 3: Quantum cost of running the super-adiabatic expansion stage
of the quantum Otto cycle. We plot the time-averaged deviation
hdW i of the mean energy of the system from the adiabatic eigenen-
ergies. In all cases there is an effective power-law scaling of the
form hdW i ⇠ 1/t . The cut-off time is such that the confining poten-
tial remains a trap along the process, without the need for transiently
inverting it to achieved the required speed up.

down of adiabaticity [19]. In contrast, the super-adiabatic en-
gine put forward in this proposal does achieve the maximum
possible value E = 1�w(t)/w(0). It should be noted, quite
strikingly, that if unlimited resources are available, there is no
fundamental lower-bound on the running time of the adiabats
t1,3. However, it is worth taking a pragmatic approach here
and attempt at the quantification of the energy costs associ-
ated with the running of our super-adiabatic engine. To this
end, we have considered the time-averaged dissipated work
hdW i = t�1 R t

0 dWdt for t > tc, ensuring w2(t) > 0 for all
t 2 [0,t]. The cut-off time tc was taken to be the maximum
running time along the shortcut of the super-adiabat before
the trap is inverted. Indeed, when this occurs, the adiabatic
eigenenergies are not well defined, implying the break-down
of our formalism. The explicit expression for hdW i are re-
ported in the Appendix. Figure 3 shows that the cost of run-
ning the super-adiabatic engine exhibits a neat power-law be-
haviour hdW i ⇠ 1/t for a wide range of parameters. An ex-
plicit upper bound for the power of an engine run can be calcu-
lated using the fundamental limitations set by quantum speed
limit, as shown in the Appendix.

IV. CONCLUSIONS

We have demonstrated the possibility to perform a fully
frictionless quantum cycle working in a finite-time only. Our
proposal exploits the idea of shortcuts to adiabaticity, which
allowed us to bypass the detrimental effects of friction on the
compression and expansion stages in an important thermody-
namical cycle such as the Otto cycle. We believe that our
study embodies only one example of the potential brought
about by the fascinating combination of shortcuts to adiabatic-
ity and the framework for out-of-equilibrium dynamics of a
quantum system. The possibilities to achieve maximum ef-
ficiency of a quantum engine with virtually no friction, yet
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The two expressions for dW , Eqs. (13) and (17), agree for
self-similar processes and vanish at the end of the stroke (ei-
ther 1 or 3 in Fig. 1 of the main Letter) both for a shortcut and
in the adiabatic limit.

Upper bound to power through the quantum speed limit

The quantum speed limit for a driven quantum system [28]
allows us to derive an upper bound for the power of the engine.
For simplicity, we can consider a equal-time shortcuts along
the two super-adiabats so that t = t1 = t3. Then, it follows
that

P �
hWad,1(t)i+ hWad,3(t)i

h̄L
�
req

t ,r0
� max

�
Et ,DEt

 
. (18)

where Et = t�1 R t
0 dtTr[rtĤ (t)] with respect to the

ground state energy, DEt = t�1 R t
0 dt {Tr[rtĤ 2(t)] �

Tr[rtĤ (t)]2}1/2, and the angle in Hilbert space between
initial and target states is

L
�
r0,req

t
�
= arccos

✓q
F
�
r0,req

t
�◆

(19)

in terms of the fidelity F
�
r0,req

t
�
=
hqpr0 req

t
pr0

i2
. In a

super-adiabatic engine, hW iad,1 + hW iad,3 equals

Â
j=1,3

hWad,j(t)i=
h̄
2
(w0 �wt)

⇥
coth

bch̄w(t)
2

� coth
b h̄w0

2
⇤
,

(20)
where bc is the inverse temperature of the cold bath during
stage 2.
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Scalable QHE assisted by shortcuts to adiabaticity  
 
u Thermodynamic cycle working at tunable finite power and zero friction  
 
 
u Quantum speed limits impose ultimate performance bounds 
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Energy cost of counterdiabatic driving 

Full Driving Hamiltonian 
 
Auxiliary control (with no degeneracy) 
 
 
 
Energy fluctuations 
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Energy cost of counterdiabatic driving 

Full Driving Hamiltonian 
 
Auxiliary control (with no degeneracy) 
 
 
 
Energy fluctuations 
 
 
 
Fidelity susceptibility 
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Energy cost of counterdiabatic driving 

Full Driving Hamiltonian 
 
Auxiliary control (with no degeneracy) 
 
 
 
Energy fluctuations 
 
 
 
Fidelity susceptibility across a phase transition: divergence with system size 
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Summary 

Shortcuts to adiabaticity speed up processes by tailoring excitations 
 
 

Yet, Quantum Speed Limits rule any dynamical process 
 

 
u Mandelstam-Tamm, Margolus-Levitin, QSL for open systems 

u QSL in Quantum Thermodynamics 

u QSL to counterdiabatic driving 
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Isolated systems: unitary dynamics 

 

 

 

Real systems: coupled to an environment 

 

Nonunitary dynamics 

 

What is the speed limit in an open system? 

 

Bound to the speed of evolution for open (as well as unitary) system dynamics 

 

         includes coupling to an environment  
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Unitary dynamics 
 

Open quantum dynamics 

Quantum Heat Engine: Otto cycle 
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