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Adiabatic dynamics 

 
Slow driving of a system 

  
Provides good control 

 
 No excitations 

 
Ground state 

 
 

So? 
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 Breaking symmetries 

 
Breaking adiabatic dynamics  

in critical systems 
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Spontaneous symmetry breaking 
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degenerate ground states 

Driving through a phase transition  
(e.g. paramagnetic-ferromagnetic transition) 



Spontaneous symmetry breaking 
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           Cooling at finite rate 

Broken symmetry  
Size of the domains? 
How many? 
The Kibble-Zurek mechanism 

Driving through a phase transition  
(e.g. paramagnetic-ferromagnetic transition) 
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Universal  divergence of   

    Correlation length 

     Relaxation time 
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Scaling theory near critical point 

" = (Tc � T )/Tc



The Kibble-Zurek mechanism 

adiabatic 

  frozen 
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adiabatic 
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The Kibble-Zurek mechanism 

adiabatic 

  frozen 

Domain  size set by equilibrium correlation length at freeze-out time   
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adiabatic 
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The Kibble-Zurek mechanism 

adiabatic 

  frozen 

Density of excitations (quantum & classical) 

Linear quench 
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adiabatic 
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Universality: The Kibble-Zurek mechanism 

The KZM is broadly applicable 

 

Tested numerically in integrable and nonintegrable models 

 

Explored  in many experiments, consistent with KZM 
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AdC and W. H. Zurek, Int. J. Mod. Phys. A 29, 1430018 (2014) 



Universality 

       KZM holds even in strongly coupled systems  

 

       e.g. AdS-CFT/Holographic systems with no quasiparticles 

 

 

 

 

 

 

               J. Sonner, A. del Campo, W. H. Zurek, Nat. Commun. 6, 7406 (2015) 

  P. M. Chesler, A. M. Garcia-Garcia, H. Liu, PRX 5, 021015 (2015) 
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KZM in AQC 
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A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 (to appear in PRL) 

M. M. Rams, M. Mohseni, A. del Campo,  arXiv:1606.07740 

 



IT companies & security agencies 
exploring Quantum 
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Why? 
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Why? 
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Adiabatic Quantum Computation? 
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Recast optimization problem as an annealing problem 
 

Evolve adiabatically from a trivial Hamiltonian to a different one  
whose ground state encodes the solution to the optimization problem 

 
Go Quantum (Nishimori, Farhi, …) 

 
 
 
 
 
 



Kibble-Zurek scaling in AQC 

 

Density of excitations  

 

Crossing of a quantum critical point 

 

o   Quantum  Ising  chain 

o   Quantum Ising chain with quenched disorder  
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 Idea I 

Defect suppression:  
Inhomogeneous driving 
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Idea 

         Phase transition induced by crossing the critical point locally     Choice of the broken symmetry biased by the neighboring regions    that have already entered the new phase        
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Idea 

 Phase transition induced by crossing the critical point locally            
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Example: Structural phases in trapped ions 
 N ions on a ring trap with harmonic transverse confinement 
 
 
 
 
 
       Critical transverse frequency 

         Linear chain                 Degenerated zig-zag chains 
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Structural phases in trapped ions 
 N ions on a ring trap with harmonic transverse confinement 
 
 
 
 
 
       Critical transverse frequency 

         Linear chain                 Degenerated zig-zag chains 
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 Inhomogeneous driving 
 
    Axial and transverse harmonic potential (instead of a ring trap) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Spatially dependent critical frequency   
(within LDA) 
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 Inhomogeneous driving 
   

Causality reduces the effective system for defect formation  
  
Front velocity  
  
 Sound velocity 
  
  
 Adiabatic dynamics 
 
  
 Kink formation                             in an effective system size 
  
  
 Density of defects: New power law 
  
  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

AdC et al. PRL105, 075701 (2010)  
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In the lab 
Collaboration with  
Mehlstaubler’s group at PTB 
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32 ions, only {0,1} defects per realization 
 



Numerics & Experiment 

Kibble-Zurek 
 theory 

Further observed 
suppression 

32 ions, only {0,1} defects per realization 
Pyka et al. Nat. Commun. 4, 2291 (2013) 
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Numerics Experiment 
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Kibble-Zurek theory fails at the onset of adiabatic dynamics 
 
Regime of interest to quantum simulation 

Inhomogeneous  
Kibble-Zurek theory 

Collaboration with T. E. 
Mehlstaubler’s group at PTB 



Several experiments 
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A. del Campo, W. H. Zurek  
Int. J. Mod. Phys. A 29, 1430018 (2014) 



 
  

Inhomogeneous driving helps to suppress defect formation 
 

Applicability to adiabatic quantum computation? 
 

It does NOT require diagonalization of the Hamiltonian 
 

Experimental tests restricted to small systems    
 

Onset of adiabatic dynamics needs theory 
 
 
 

 

 

 

 

 

 

 

 

Inhomogeneous driving 
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AdC, W. H. Zurek  
Int. J. Mod. Phys. A 29, 1430018 (2014) 



The Kibble-Zurek scalings in AQC 

 

Density of excitations 

 

Crossing of a quantum critical point 

 

o   Quantum  Ising  chain 

o   Quantum Ising chain with quenched disorder  
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Inhomogeneous AQC 
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Transverse-field quantum Ising chain with (weak) disorder 
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M. M. Rams, M. Mohseni, A. del Campo,  arXiv:1606.07740 

 



Inhomogeneous KZM 
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Transverse-field quantum Ising chain with weak disorder 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Naively setting zè∞ suggests Inhomogeneous driving does not help 
 
 
 
 
 

M. M. Rams, M. Mohseni, A. del Campo,  arXiv:1606.07740 
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Inhomogeneous AQC 

Adolfo del Campo 

Performance 
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Inhomogeneous AQC 
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 Idea II 

 
Counterdiabatic driving 

 in a Quantum Phase Transition  
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Example: 1d Quantum Ising Chain 

Ising chain Hamiltonian 
 
 
Critical point 
 
 
 
 
 
Excitations:  
 
 
 
 
 

Ways out of the Kibble-
Zurek mechanism? 
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Counterdiabatic driving: Ising Chain 

Counterdiabatic driving? 
 
 
 
 
Auxiliary control 
 
 
 
Diagonalization: Jordan Wigner transformation + Fourier transform 
 
 
 
 
                                      
 
 
 
 A. del Campo, M. M. Rams, W. H. Zurek, PRL 109, 115703 (2012) 

Long-range many-body 
interaction! 

Ĥ0(t) = 2
X

k>0

�†
k

[�z

k

(g(t)� cos k) + �x

k

sin k]�
k
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Truncated Auxiliary Hamiltonian 

Quench through the critical point 
 
Truncated Auxiliary Hamiltonian 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Kibble-Zurek  
mechanism Range of 

auxiliary 
Hamiltonian 

 
Suppressing 
Kibble-Zurek 
mechanism 

g(t) = gc � vt

A. del Campo, M. M. Rams, W. H. Zurek, PRL 109, 115703 (2012) 

Adolfo del Campo 



Truncated Auxiliary Hamiltonian 

Quench through the critical point 
 
Truncated Auxiliary Hamiltonian 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Kibble-Zurek  
mechanism 

g(t) = gc � vt

A. del Campo, M. M. Rams, W. H. Zurek, PRL 109, 115703 (2012) 
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Experimentalist’s view 



Tailoring control fields 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

H. Saberi, T. Opatrný, K. Mølmer, AdC, Phys. Rev. A 90, 060301(R) (2014) 
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Tailoring auxiliary interactions 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

T. Opatrný, K. Mølmer, NJP 16, 015025 (2014) 
H. Saberi, T. Opatrný, K. Mølmer, AdC, Phys. Rev. A 90, 060301(R) (2014) 
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Set of available controls 
 
 
Approximated Auxiliary Hamiltonian 
 
 
 
Minimize the norm 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

{Lk}

H̃1 =
KX

k=1

↵kLk

min
{↵k}

||(H1 � H̃1)|GS(t)i||2



Suppressing KZM/excitations 

 
H. Saberi, T. Opatrný, K. Mølmer, AdC, Phys. Rev. A 90, 060301(R) (2014) 
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Approximated Auxiliary Hamiltonian 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

H̃1(t) =

0X
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Figure 3. (Color online) (a) Time-evolution of the state preparation infidelity during a shortcut to the adiabatic driving of the
ground state of a quantum Ising chain. The fidelity can be improved significantly by incorporating higher-body interactions at
a truncated range of R̃ = R

max

� 4. (b) Real-time flow of the interaction amplitudes associated with the implementation of
the full-range two-body ansatz as in Eq. (10) during passage through QCP of the model denoted by sc. The color maps in the
insets visualize the strength of two-body interactions hy,z

i
1

,i
2

among all pairs of spins at sites (i
1

, i
2

) in the chain.

of the magnetic field which enforces H
aux

to vanish at
the beginning and end of the driving scheme, t = 0, ⌧ .
We are thus led to the boundary conditions B(0) = B

0

,
B(⌧) = B

f

and Ḃ(0) = 0, Ḃ(⌧) = 0 which are satis-
fied by a polynomial quench of the form B(s) = B

0

+
3(B

f

� B
0

)s2 � 2(B
f

� B
0

)s3 with s ⌘ t/⌧ . The use of
the latter quench is further motivated by adiabatic per-
turbation theory [42]. Figure 3 illustrates the results for
preparation of the ground state of the transverse Ising
chain in Eq. (2) under such a quench and for various
choices of H̃[K,R]

aux

. We use the fidelity in Eq. (9) to as-
sess the quality of the preparation procedure. With a
full-range two-body interaction, the protocol leaves some
room for improvement, as shown in Fig. 3(a), indicating
the urge to employ higher-body terms for longer chain
lengths. However, for higher-body interactions beyond
K = 2 the computational complexity associated with
the large number of spins permutations and thereby the
dimensions of the matrices to be formed and inverted
renders the numerical implementation of the variational
procedure intractable. To circumvent such a practical
challenge, we suggest to truncate over the range of the
K-body ansatz by restricting it to manageable values of
R̃ ⌧ R

max

. The latter truncation strategy is further
motivated by the nearly tridiagonal structure of hy,z

i

1

,i

2

evident in the inset of Fig. 3(b) which shows remarkably
that the dominant contributions to H̃[2

(yz)
,R

max

]

aux

consist
of only short-range interactions. Figure 3(a) illustrates
the success of the truncation strategy by demonstrating
significant improvement in fidelity upon employing short-
range three-body interactions. We point out the number
of distinct K-body interactions as the required experi-
mental resources to achieve the maximal-fidelity state

preparation within our scheme scales with 1

2

4

K
N !

(N�K)!

which
is a polynomial in the size of the system N of the leading
order O(NK). The scaling derives from a simple com-
binatorics corresponding to the total number of possible
choices of a K-tuple of spins from N ones in which inter-
nal permutation of tuples produces distinct choices due to
noncommutativity of the Kronecker product. The pref-
actors 1

2

and 4K, moreover, account for the mirror sym-
metry of the finite open chain under consideration and
the multiplicity associated with various spin components
of a Pauli sigma operator, i.e., {0, x, y, z}, respectively.

Conclusions. We have shown how to engineer an ex-
perimentally realizable counterdiabatic control Hamilto-
nian for the fast driving of many-body spin systems that
mimic adiabatic driving. Our approach combines ED
with a variational principle to determine the optimal CD
scheme with a restricted set of control fields and leads
to a suppression of the DoE by several orders of magni-
tude with respect to the uncontrolled driving dynamics.
Although the identification of H

aux

is a computation-
ally hard problem that poses a challenge to scalability
of the method, tests on finite systems are still relevant
to currently feasible experiments and the variational ap-
proximations to the CD Hamiltonians for these cases may
guide future approaches towards large particle numbers.
In congruence with recent results in optimal control the-
ory [43–46], our results suggest that the practical im-
plementation of our scheme represents an effort scaling
only polynomially with the system size. Our proposal is
ideally suited for digital quantum simulation as well as
tailoring the nonequilibrium thermodynamics of many-
body systems [47]. It further supplements previous adia-
batic tracking schemes aimed at accessing highly excited
states [48]. The possibility to reduce the level of non-

Ising 

Ising + 2 body 

Ising + 2 & 3 
body 



 
 

Testing KZM  
in a Quantum Simulator 

Adolfo del Campo 

Jin-Ming Cui, Yun-Feng Huang, Zhao Wang, Dong-Yang Cao, Jian Wang, Wei-Min Lv, 

Yong Lu, Le Luo, Adolfo del Campo, Yong-Jian Han, Chuan-Feng Li, Guang-Can Guo, 

arXiv:1505.05734 



Case for Quantum Simulation 

o  Experimental tests of KZM focused on thermal phase transitions 

o  Challenges: varying quench rate, counting of defects, determining universality class 

o  Experiments in the Quantum regime are even mode difficult 

o  Additional challenges: ground-state cooling, decoherence 
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A. del Campo, W. H. Zurek  
Int. J. Mod. Phys. A 29, 1430018 (2014) 



Quantum Simulation 

o  Use a simple quantum system to simulate a more complex one 
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Quantum Simulation 

o  Use a simple quantum system to simulate a more complex one 
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Quantum Simulation 

o  Use a simple quantum system to simulate a more complex one 

o  Testing KZM in the Quantum Regime 

o  Simulated system: Quantum Phase Transition in 1D Ising spin chain 

o  Quantum Simulator: a single qubit, trapped ion 

Adolfo del Campo 



Simulated system: 1d Quantum Ising Chain 

Ising chain Hamiltonian 
 
 
Critical point 
 
 
 
 
 
 
Excitations:  
 
 
 
 
 With PBC 

Equivalent to LZ 
crossings  
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Ising chain Hamiltonian 
 
 
Critical point 
 
 
 
 
 
 
Excitations 
 
 
Mapping via Jordan-Wigner & Fourier Transforms [Dziarmaga PRL ‘05]  
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Simulated system: 1d Quantum Ising Chain 



Ising chain Hamiltonian 
 
 
Critical point 
 
 
 
 
 
 
Excitations 
 
 
Mapping via Jordan-Wigner & Fourier Transforms [Dziarmaga PRL ‘05]  
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Simulated system: 1d Quantum Ising Chain 
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Quantum Simulator: trapped ion 

171Yb+ confined in a Paul trap 
  

two hyperfine states |0> & |1> 
 

Microwave control 

Cui et al. arXiv:1505.05734 
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Testing Landau-Zener dynamics 

Cui et al. arXiv:1505.05734 
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Observing Quantum Kibble-Zurek scaling 

Cui et al. arXiv:1505.05734 



 
  

First Experimental Demonstration of Kibble-Zurek scaling in the Quantum Regime 
 
 
 

Ion-trap quantum simulation can be applied to 
 

Nonlinear quenches, 
Quantum control, 

Shortcuts to Adiabaticity with auxiliary interactions, 
Dephasing, Decoherence, 

… 
 
 

 

 

 

 

 

 

 

 

 

Quantum Simulation of QPT dynamics 
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Cui et al. arXiv:1505.05734 



 
 

Noise in the controls 

Adolfo del Campo 

A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 (PRL) 



Noisy control fields 

Present in all experiments, e.g.,  KZM test squeezing an ion chain 
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Pyka et al. Nature Communications 4, 2291 (2013) 

  

Noisy rf signal during quench 

 



Quantum Annealing Protocol 

Example 
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A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 



Noise in the control fields 

Quantum Annealing Protocol 

 

 

 

Noisy control field 
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g(t) = t/⌧ + �(t), 0 < t < ⌧

h�(t)�(t0)i = W 2�(t� t0)

A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 



Full system  

 

Deterministic and stochastic parts  

 

 

 

 

 

Stochastic Schrodinger equation 
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Stochastic many-body Hamiltonians 

H(t) = H0(t) + �(t)V
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A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 



Noise-Averaged dynamics 

Density matrix averaged over realizations 

 

 

Master equation requires stochastic unravelling 

 

 

 

Simplified via Novikov’s theorem for white noise 
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↵

A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 



Annealing dynamics 
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Density of excitations                      Residual energy 
 
 
 
 
 
 

A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 

Q = [E(⌧)� EGS(⌧)]/NnW = 1� 1

N

X

k>0

hGk(⌧)|%k(t)|Gk(⌧)i

anti-KZM 

KZM 

Noise-induced breakdown of adiabatic protocols 
Anti-Kibble-Zurek behavior 



Universality of optimal annealing time 
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nW ⇡ r⌧ + c⌧��

� =
d⌫

1 + z⌫

Density of excitations 

 

 

Kibble-Zurek exponent 

Optimal annealing time  

⌧
opt

/ (W 2)�1/(�+1)

A. Dutta, A. Rahmani, A. del Campo, arXiv:1605.01062 



Summary  
 
 
 
 
u Kibble-Zurek scaling: long annealing times 

u Shortcuts to Adiabaticity provide a way out  

u First exp test of KZM in the Quantum Regime  
 

u Noise: Anti-Kibble Zurek behavior & optimal annealing time 
 

u  Inhomogeneous Quantum Annealing for AQC 
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